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H ' Abstract 

Let G be a locally compact, compactly generated group of polynomial growth and let u) 
be a weight on G. Under proper assumptions on the weight cj, the Banach space L^{G,ijj) 
QQ , is a Banach *-algebra. In this paper we give examples of such weighted L^'-algebras and we 

study some of their harmonic analysis properties, such as symmetry, existence of functional 
calculus, regularity, weak Wiener property, Wiener property, existence of minimal ideals of a 
given hull. □ 
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1 Introduction 



< 

I Weights and weighted function spaces play an important role in niathcmatics. In essence, a 

weight makes it possible to study the behaviour of functions around a certain point, ignoring 
their oscillations at infinity, or on the contrary, to amplify the asymptotic behaviour of a function. 
More precisely, introducing a weight means modelling in a quantitative manner the decay of the 
^ I functions to be studied. This has numerous applications in numerical mathematics and is quite 

■ often used for concrete applications (signal theory, Gabor analysis, sampling theory,...), see for 
instance ( |Gr6-Lei) . |Da-Fo-Gro] . |Gro-Leil) . |Fe-Gr6-Lei] V 

On the other hand, weights appear naturally in analysis: in inequalities relating the norm of a func- 
tion to the norm of its derivatives, in extension theorems, etc.; see, e.g., a survey of L. D. Kudryavt- 

■ sev and S. M. Nikol'sky |Kud-S.N"i] . One of the areas where weighed spaces are applied most 
intensively is the theory of boundary value problems for partial differential equations (see the 
surveys [Kud-S.Ni] . |Glu-Sav) ). By the way, using the Laplace transform also means working in a 
weighted function space. 

In representation theory, which interests us most, weights occur for instance in the following way. 
If G denotes a locally compact group and (T, V^) is a continuous representation of G, then the 
^ ■ maps uj : X i-^ \\T{x)\\op and uj : x i-^ max(||T(x)||op, ||T(x~^|jop) are weights, the last one being 

symmetric (a;(a;~^) = uj{x), Vx). For any one of these weights, the map 



/ ^ T{f) / f(x)T{x)dx 

JG 

is a representation of the weighted function algebra 

i^(G,w) {/ : G — > C I / measurable and / \f{x)\u:{x)dx < +00}. 

JG 

Subexponential weights like the ones introduced in ll.2.3l below. appear in the context of nilpotent 
Lie groups. In fact, let G be a connected, nilpotent Lie group. Let Gi be the derived group of 
G, i. e. the closed subgroup generated by the elements of the form [x, y] = x~^y~^xy, x,y £ G. 
Let [/ be a generating neighbourhood of the identity e in G and V = U Ci Gi the corresponding 
neighbourhood of e in Gi. Let 

\x\u :== inf{n G N | a; G [/"} for x ^ e, \e\u = 1, 
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similarly for \x\v- Then it is shown in | Alj ) . that for any weight w on G which is subniultiplicative, 
i. e. such that uj(xy) < LL){x)u){y) for all x,y, 

for some constant C. By the way, on any compactly generated locally compact group, with 
generating neighbourhood every submultiplicative weight uj is exponentially bounded, i. e. 
satisfies a relation of the form uj{x) < e^'^'^ for K = Insup^gj/ 

If the weight uj is submultiplicative, then the weighted function space L^{G,uj) is a Banach algebra 
for convolution, and even a Banach *-algebra if the weight is symmetric. The advantage of 
Banach ^-algebras over just Banach spaces is clear. They have a much richer structure which may 
be studied via representation theory and harmonic analysis techniques. In this way, interesting 
problems arise. Let us just mention the question of their ideal theory, problems of generalized 
spectral synthesis, of symmetry of the algebra, of invertibility, factorization problems. All these 
questions make sense for the weighted algebra L^{G,uj). Moreover, it is the harmonic analysis 
properties for algebras, that make the weighted algebras L^{G,uj) interesting for some of the 
concrete applications mentioned in the beginning (see for instance IGro-LeiT] ). 
On the other hand, the importance of L^'-spaces of the form LP{G) or Lp{G,uj), I < p < +00, 
is well known in functional analysis. It would be attractive to extend the theory of convolution 
algebras to the i^-case, because spaces are reflexive — not a common property among Banach 
algebras. Unfortunately, if G is not compact and if p ^ 1, LP{G) is not an algebra for convolution. 
Nevertheless, for appropriate groups G and weights u, the weighted L^'-spaces 

LP{G,Lu) :={! ■.G^<C\ f measurable and := ( ( dx) ^ < +c5o} 

Jo 

may be algebras. A sufficient condition on the group G for the existence of weighted L^-algebras, 
is that the group is cr-compact. In that case, there are even a lot of such weighted L^-algebras. 
In 11.2.21 we show that any positive symmetric submultiplicative function multiplied by any L^- 
algebra weight produces again an L^-algebra weight. This makes it possible to construct L^-algebra 
weights with all kinds of different growth behaviors. 

In the context of weighted L^-algebras, let us mention the works of Wermer [Wej . Nikol'ski |N.Nij . 
Feichtinger |Fei) , and recently ( |Kul| - [Ku4) ). Most of these papers concentrate mainly on the ques- 
tion whether the corresponding L^-spaces are algebras. The only well-studied case is L^(Z, w), see, 
e.g., a long paper of El-Fallah, Nikol'ski and Zarrabi jFa-N.Ni-Za| . This is mainly for the reason 
that in the problems of weighted approximation by polynomials, as initiated by S. N. Bernstein 
[Be], LP{Z,u!) algebras play a distinguished role [N.Nij . But this is not the only possible applica- 
tion of weighted L^-algebras. Similarly as for L^-algebras, the weights can be used in numerical 
mathematics to model the decay of the functions to be used and allow numerical computations. On 
the other hand, weighted L^-algebras may turn out to be important examples for people working 
in Banach algebra theory or operator theory. Such algebras have already been used successfully 
in the interpolation theory and in questions of factorization |B1-Ka-Ra] . 

As for possible harmonic analysis properties of an arbitrary Banach *-algebra A, several questions 
have particularly caught the interest of mathematicians: 

Is the algebra symmetric, i. e. does every self-adjoint element have a real spectrum? 

Is the algebra A regular, i. e. do the elements of the algebra separate points from closed sets in 

Prim^yl, the space of kernels of topologically irreducible unitary representations? 

Does the algebra have the weak Wiener property, i. e. is every proper, closed, two-sided ideal 

annihilated by an algebraically irreducible representation? 

Does the algebra have the Wiener property, i. e. does the previous property hold for topologically 

irreducible unitary representations? 

Do there exist minimal ideals of a given hull? 

The list of authors who studied group algebras L^{G) and their properties is long and is outside 
the scope of this paper. For weighted group algebras L^{G,uj), let us mention among others the 
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following: In the abelian case, the systematic study of such properties for weighted group algebras 
L^(G,a;) goes back to Beurling f |Beul] . |Beu2] ). Domar [Po l and Vretblad among others. In 
the non-abelian case, one may refer to Hulanicki ( [Hulj . [Hu2|), Pytlik ( |Pyl| , |Py2 ), as well as 



to more recent studies ( |Dz-Lu-Moj ). |Fe-Gr6-Lei-Lu-Mo] and |Fe-Gro-Lei) ). In [Fe-Gro-Leij for 

instance, the question of the symmetry for weighted group algebras L^{G,uj) is completely solved 
for compactly generated groups with polynomial growth. Let us mention in this respect, that 
these abstract problems may be quite important for concrete applications. Hence Grochenig and 
Leinert |Gro-Lei] point out that the theory of symmetric group algebras is an important tool to 
solve problems about Gabor frames, motivated by signal theory. 

A systematic study of harmonic analysis properties of weighted L^-algebras LP{G,uj) should also 
be of importance, as well for applications and for more abstract mathematical problems. In f Ku3) 
some harmonic analysis properties like the regularity are studied in the case of abelian groups. But 
not much seems to have been done up to now in the non-abelian case. Hence the main purpose 
of this paper will be to study harmonic analysis properties in the context of non-abelian weighted 
L^'- algebras. 

In the present paper, we work on general compactly generated groups with polynomial growth. The 
weight u! is supposed to satisfy uj~'^ *uj~'' < Cuj~'^ for some constant C > 0, where | + ^ = 1- This 
ensures LP{G, uj) to be an algebra ( | We| . |Kul] ). We also assume the weight to be submultiplicative. 
We start by giving examples of LP{G, ui) *-algebras, as well for polynomially growing weights as for 
sub-exponentially growing weights. We then address the questions raised previously: We prove the 
symmetry of the L^-algebra (G, w) , if either G is abelian and w satisfies the same condition as for 
the case of L^{G, uj) (condition (S), |Fe-Gro-Lei-Lu-Mo) . |Fe-Gro-Lei] ) or if uj is polynomial in the 
sense of Pytlik |Py2| (and G not necessarily abelian) . The same hypothesis as in IDz-Lu-Mo] , i. e. 
the non-abelian Beurling-Domar condition (BDna) allows us to construct a functional calculus on 
a total subset of the algebra LP{G, uj) and to show regularity, as well as the weak Wiener property. 
If the L''-algebra is moreover symmetric, we also get the Wiener property and the existence of 
minimal ideals of a given hull. Let us recall that the (BDna) condition is defined as follows in 
|Dz-Lu-Mo] : Let G — 1J„ U", where U is a. relatively compact, generating neighbourhood of e in 
G. We define s{n) :— sup^gj/„ uj{x). Then the weight uj satisfies (BDna) if and only if 
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ln(ln n)) In (s(n)) 



nGN,n>e'= 



This condition is independent of the choice of the generating neighbourhood U and is only slightly 
stronger than the conditions used by Domar and Beurling in the abelian case (see [Dz-Lu-Mo| for 
additional comments). These results relay on the corresponding results for L^-algebras L^{G,uj). 
The question of whether, more generally, condition (S) or the GRS-condition as defined in |Fe-Gr6-Lei-Lu-Mo] 
and [Fe-Gro-Leij imply the symmetry of the algebra LP{G,uj), as they do for L^{G,uj), is still an 
open problem. Finally, let us point out that although these algebras LP{G,uj) have certain nice 
harmonic analysis properties, they are not amenable if p > 1 and G non-discrete, as they don't 
have bounded approximate identities |Ku2j . 

Let us also mention, that we assume our weights to be submultiplicative, in order for L^{G,uj) 
to be a ^-algebra. Therefore we can rely on the known L^(G', CLi)-results. But there are examples 
of weights which are not submultiplicative and which produce nevertheless Banach ^-algebras 
LP{G,uj) (see for instance }Ku2l ) . Studying these weights and the properties of the corresponding 
LP-algebras is still a challenge. 



1.1 Assumptions on groups and weights 

We suppose in this paper that G is a compactly generated locally compact group. This group G 
is a group of polynomial growth if there is a relatively compact generating neighbourhood of the 
identity U such that |J7"| < Cn^ for some constants G, Q. It is known that Q does not depend on 
the choice of U. The class of such groups will be denoted by [PG], and for the rest of the paper 
we assume that G is [PG]. 
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If J7 is a relatively compact generating neighbourhood of the identity, we define 

\x\u :=inf{n | a; e t/"}. 

When the choice of U is not important, we write simply |a:;|. In the case G = M, may also 

denote the absolute value of x, and the results of this paper remain correct. 

Let 

uj -.G ^ [l,+oo[ 
be a measurable function {weight) such that 

'-^{xy) < uj{x)LL>{y), \fx,y E G 
uj{x) = uj{x^^), Va; e G 

wherei + i = 1,P> 1- These conditions are sufficient for L^iG. lo) to be a *-Banach algebra f lWe] . 
|Kul| V We will say that (G, w) satisfies (LPAlg) (L^'-algebra) if these conditions are satisfied. 
It is often easier to check that uj satisfies conditions (LPAlg) with some constants Gi, G2: oj{xy) < 
GiLu{x)Lu{y) and * w"' < G2W~'. But a renormalizing loi — Clo with G = max(Gi,G2^') 
gives an equivalent weight satisfying (LPAlg). 

Since every group in [PG] is amenable, it follows from (LPAlg), by |Ku4[ Theorem 3.2], that 
w"'' G L^(G). We may assume, without loss of generality, that the weight a; is continuous { [Fei] ) . 
This will be assumed for the rest of the paper, except for some examples which depend on the 
discontinuous function \x\ — \x\ij- 

1.2 Examples of weights 

1.2.1 Polynomial weights 

On every group of polynomial growth, the weig ht uj{x) = (1 + satisfies (LPAlg) for D 

sufhciently large ( |Fei] ). so Lp{G,lo) is an algebra. 

1.2.2 Products of weights 

Let u be a positive submultiplicative function on G, u{x) = u{x~^), and let wi be a weight 
satisfying (LpAlg). Then w{x) = u{x)wi{x) also satisfies (LpAlg). In particular, any such sub- 
multiplicative function u, multiplied by (1 + |a;|)'^ for D sufficiently large, is a (LpAlg)-weight. To 
prove this, we need to check only the last condition: 

{'w~'' * w~'^){x) = / w^'^{'y)w^''{y^^x)dy ^ I u~'^{y)u~''^{y~'^x)wi'^ {y)wi'^ {y~^x)dy. 

JG JG 

From u{x) < u{y)u{y^^x) we have u{x)~'' > u{y)^'^u{y^^x)~'^ , so the integral above is bounded 

JG 

1.2.3 Non-polynomial weight 

By the reasoning of section [1.2.21 1^(2;) — el^l^(l + \x\)^ with < 7 < 1 is an L''-algebra weight 
on any group in [PG] for all D sufficiently large. 

Moreover, it can be shown that the weight (jj{x) = e'^'^ itself with < 7 < 1 satisfies (LPAlg) 
for all p > 1. For G = M this example is contained in the very first paper of Wermer (Wej on 
LP-algebras. 
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Let G = UC/", where U = U''^ and |J7"| < Cn'^. Denote Un = U''\ f/""^ and assume that G is 
non-compact. We define 

< 7 < 1, and show that Lp{G,uj) is an algebra for every p > 1 (the case p = 1 is known). For 
this, we check the sufficient condition w"^ * w"^ < C'oj~'^. 
Denote u = oj~'^, then 



Un = u\u„ = e ^" 



Take x G Um and estimate (a;). 

u 



(x) = — [ u{y)u{y ^x)dy = V — / u{y ^x)dy. 

Um Jg „ ''^m JUn 



If y G Un = U~^, and y~^x € [/fe, then max(n — to, to — n) < k < n + m. Denote f/^^ = UkC\{Unx). 
Then i7„x = UkU^j^, Uk = UnU^/.. In particular, |t/^j.| < min(|i7„|, \Uk\)- We can rewrite the sum 
as 

n.k 



Note that u„ decreases and Co = JqU < oo. Split now the sum into four parts: 

1) n > m. Then u„ < Um, and 

(suml)< V^«fc|[/4|< V«fc|f/fc|= / w = Co. 

2) Similarly, if n < m but k >m then m;j < Um and 

(sum2) < V «„|C74| < V w„|C/„| = / w = Cq. 
^ Um ^ Jg 

n,k n ^ 

3) to/2 <n <m, to/2 < k < m. Then max(u„,Ufe) < U[to/2]+i < exp(— gTO'''/2'''); 

(sum3)< E e^^^^-^'-^^^^^lC^n,.! 

n=[m/2] + l fc=[m/2] + l 



< < e«-^(^-2^"^)CTO« • TO. 

n=l 



Since 2^"''' > 1, the coefficient in the exponent is negative, so this expression tends to zero as 
TO — >■ oo. Thus, this is bounded by a constant Ci. 

4) The only complicated case is n < to/2, to — n < fc < to, and the symmetric case k < to/2, 
m — k < n < m which reduces to the first one by exchanging k and n. Here Uk < Um-n, so 

[m/2] TO [m/2] 

(sum4) < — < — \Un\ 

n=0 ""^ k=m-n n=0 "™ 

[to/2] 

< (7 ^ g«(m''-ni'-(TO-n)i')^Q_ 
n=0 

Denote 



'0 

clearly our sum is bounded for all to if and only if / is bounded on 
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By changing the variable to s = t/ x we have: 

f{x) = f'\Qs^e'i^''^'-^''-^'~^y'^xds = xQ+' /'^%Qe«-"(i-*^-(i'*)^)dt. 



There is a classical theorem |Erdl §2.4] for integrals of the type 

F{x)= / g(i)e"''(*)di. 



Suppose that: 

h is real- valued and continuous at i = a; 

h' exists and is continuous for a < t < f3] 

h' < for a < t < a + r] with some i] > 0; 

h{t) < h{a) — £ for some e > and all t e [a + 77, /3]; 

h'{t) ^ —a{t — a)^~^ as i — a, where v > 0; 

g{t) ^ b{t — a)^^^ as i — > a, where A > 0. 

Then 



V \v/ \ax/ 



V \vJ \ax' 

as X — >■ 00. 

We can apply this theorem to 



In this case g{i) = , h{t) = 1 - T - (1 - t)'^, a = 0, /3 = 1/2. The derivative h'{t) = 
—J^f'^ — (1 — t)'''^^) is negative on (0, 1/2) since 7 — 1 < (so that decreases) and t < 1—t. 
It follows that h decreases, so all the conditions hold. We have b=l,X = Q + l,a = h' = j. Thus, 

1 /O + lN / \(Q+i)/7 
7 V 7 J \^xJ 

If we return to /, then we get 

f{x) = x^+^Fiqx-i) - C2a;'3+l(ga;^)-('3+l)/7 ^ C'2q-(Q+i)/7 ^ C3. 

It follows that there is a constant C4 such that f{x) < C4 for all a; > 0. 
Now, collecting all together, we have 

^{x)<2Co + Ci+Ci = C\ 
u 

what completes the proof. 



1.2.4 Fast-growing weights 

If the weight is submultiplicative, as we always assume, then it can grow at most exponentially. 
But LP{G,u}) is in general not an algebra with the weight uj{x) = e'^L We will show this for 
G = M. Take nonnegative /,g € LP(R,el^l), then F = e^^^f,G = e'^lg are in LP{R); 

/OO pS nS 

f{t)g{s ~ t)dt > / F{t)e-'G{s - t)e-'+*dt = e"" / F{t)G{s ~ t)dt. 
-00 Jo Jo 
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Let — F ■ /[o.+oo)i — G ■ /[o,+oo): where /[o.+oo) is the characteristic function of the interval 
[0, +00). If we assume that f *g & LP(M, uj), then from the formula above F+ * G+ G L''(]R). Since 
for every F+,G+ € LP([0, +00)) we have |e-*F+|, |e-*G+| £ LP{R,lu), it follows that LP{[0, +00)) 
is a convolution algebra if LP(R, cj) is so. But it is well-known that this is not true, if p 7^ 1. 
Nevertheless, bv fTXT] and [0:2l LP{R,uji) is an algebra for loi{x) = (1 + |x|)^el^l. 
There are, moreover, super-exponential weights with which LP{G,uj) is an algebra. One example 
is uj{x) — on the real line, found by El Kinani [Ki . But this weight is not submultiplicative. 

2 First properties of weighted algebras 
2.1 Known inequalities 

The conditions (LPAlg) guarantee that LP{G,uj) is an algebra, that LP{G,uj) is translation- 
invariant and ll'^/llj,,!^ < '^(a;)||/||p,a;, where ^f{t) — f{x^^t), as 

1171!^,.= / \f{x-H)\Puj{trdt^ J \f{y)\Pu{xyrdy<u:{xr\\f\\;^^. 

Also under (LPAlg) the following is known: 

• L\G,uj) C L\G), and < for all / G L\G,uj) 

• LP{G,uj) C L\G), and ||/||i < C||/||p^„ for aU / G LP{G,uj), with C = ( / ^''^ 

• L\G,uj) * LP{G,uj) d LP{G,uj), and 

||/*5llp,-< II/II1.C.II.9IIP.C. ioia\\feL\G,uj),geLP{G,uj) (2.1) 



If uj{x) = uj{x the usual involution f*{x) = f{x ^) is an isometry on LP{G,uj): \\f*\\p,ui = 
WfWp.uj (recall that every group of polynomial growth is unimodular). 

2.2 Approximate units 

Under the assumption that uj is continuous, the proof of f jKu2| ) of the fact that the measurable, 
bounded functions of compact support are dense in LP{G,u>), shows that the same is also true 
for the set CciG) of continuous functions with compact support. By ( [Ku2j ) . there exists a net 
{fs)s of measurable, bounded functions with compact support which form a bounded approximate 
identity in L^{G,uj) and an (unbounded) approximate identity in Lp{G,uj). In fact, in the same 
way it can be proved that if Vg runs through a basis of compact, symmetric neighbourhoods of 
the identity e in G, then every family fg such that < fs < 1, ||/s||i = 1, supp/^ C V^, is an 
approximate identity with properties as above. It is easy to see that these functions fs may be 
chosen to be continuous and self-adjoint, fs — fs- Moreover, it will be convenient to have Vg C K, 
where K is a fixed compact set. 

2.3 Representations of the weighted algebras 

For every non-degenerate ^-representation T of LP{G,lu) in a Hilbert space Ji, there is a unitary 
continuous representation F of G such that 

T(/) = / V{x)f{x)dx (2.2) 

JG 

for all /. This is proved exactly like in |H-R1 Theorem 22.7], though the assumption (ii) of this 
theorem does not hold. Let us make the following remarks on the proof. 

(1) If T is cyclic with the cyclic vector ^, one defines V as follows: on the dense subspace of vectors 
of the type r(/)^, / G Lp(G,uj), put V{x){T{f)^) = T{J)^; it may be easily shown that this is 
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an isometry, so V{x) extends to a unitary operator on "H. It is also straightforward that y is a 
representation. 

(2) To get the equahty (|2.2p . we need to prove that every coefficient x i— > {V{x)T{f)£^,ri) , where 
/ e L^iG, w), and ^, j] G H, is measurable (this is |H-R1 22. 3i]). But we have even more: coefficients 
of V are continuous since by |Ku2) the mapping x ^ from G to LP{G, uj) is continuous for every 
/. From this, by |H-R| 22.3] we get some representation T of LP{G,io) defined by 

f (/) = / V{x)f{x)dx (2.3) 

JG 

(3) To prove that T — T, take a vector rj E H and the cyclic vector ^ E H. For the linear functional 
H{f) = (T(/)^,7/) on LP{G,uj) there is a function h E L1{G,uj) such that H{f) = J f{x)h{x)dx. 
Then for any f,g E LP{G,uj) we have, with all integrals absolutely converging, 

(f(/)r(g)e,ry)= / {V{x)f{x)T{g)^,ri)dx^ [ {V{x)T{g)£,,ri)f{x)dx 

JG JG 

= j^{T{-g%rf)f{x)dx^ j ^(^j Jg{y)h{y)dy) f{x)dx 

= J (^J g{x^^y)Hy)dy^ fix)dx ^ J h{y){f * g){y)dy 
= (n/*5)e,^> = (T(/)r(g)e,77). 

It follows that T = T on the dense subspace of vectors of the type r(/)C, / € Lp{G,uj), and as a 
consequence on the whole H. 

(4) In general, T can be expanded into a direct sum of cyclic representations Ta |H-R1 21.13]. 
Every Ta is given by the formula (12.31) with some Va', then T is equal to the same integral (j2.3p 
with V = ®Va. 

Further, by |H-R1 22.6], T and V are irreducible or not simultaneously. 
In particular, this gives us the identification LP{G,lu) = G. 



3 Symmetry 
3.1 

The notion of symmetry plays an important role in the theory of Banach ^-algebras. It may be 
defined as follows: 

Let ^ be a Banach *-algebra and let a E A. We will denote the spectrum of a in ^ by (T^(a) 
and the spectral radius of a in A by r^{a). Then the algebra A is said to be symmetric if 
CT^(a*a) C [0, +oo[ for all a E A, or, equivalently, if cr^(a) C M for all a = a* E A. 
For abelian Banach *-algebras the symmetry is equivalent to the fact that all the characters of 
the algebra are unitary. 

Let (G, ui) satisfy (LPAlg). Let us recall the following definitions for the weight ui (see for instance 
|Fe-Gro-Lei-LCT5] and |Fe-aro-Leij ). 

Definition 3.1. a) The weight lj on G is said to satisfy the GRS-condition (or GNR- condition), 

lim Luix"-)-^!, VxeG. (GRS) 

b) The weight lo is said to satisfy condition (S), if, for every generating, relatively compact neigh- 
bourhood U of G, 

lim sup uj{x)~ = 1. (S) 
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These conditions are linked to the symmetry of weighted group algebras. Among others, the 
following results are known: 

For = 2, /^(Z, Lu) is symmetric if and only if lim„_s.+oo to{n)'^ = 1 ( |Naij ) . 
If G e [PG], then L^{G) is symmetric ([Lo ). 

If G G [PG] and u satisfies condition (S), then L^{G,uj) is symmetric ( jFe-Gro-Lei-Lu-Mo) ) . 

The final version of results of this type is due to Fendler, Grochenig and Leinert ( [Fe-Gro-Lei] ). 
They prove: 

Theorem 3.2. Let G G [PG] and let u he a weight on G. Then the following are equivalent: 

(i) Lo satisfies the GRS-condition. 

(ii) uj satisfies condition (S). 
(Hi) L^{G,Uj) is symmetric. 

(iv) crLi(G,c^)(/) = crL^G){f), V/ G L^{G,u). 



The last three results are based on a method developped by Ludwig ([Lu]). Previously, using a 
result of Hulanicki ([Hul]), Pytlik ( |Py2| ) had already proved the following: 

Theorem 3.3. // the weight lo satisfies 

uj{xy) <C{Lu{x)+u:{y)), yx,y e G (3.1) 

for some positive constant C and if co^^ G LP{G) for some < p < +oo, then L^{G,uj) is 
symmetric. 



Pytlik calls a weight satisfying (j3.ip a polynomial weight. In particular, weights of the form 
for some positive D, where 

|a;| := inf{n | x G f/"}, 

satisfy uj{xy) < G{lo{x) +uj{y)) for all x,y G, and hence give symmetric weighted group algebras 
L^{G,uj), as Pytlik already noticed in ( |Pyl| ). 

By ( |Py2| ) every weight satisfying uj[xy) < C[u}{x) + u}{y)) is dominated by a weight of the form 
K{1 + [x\)^ , K > 1, D > 0. It is then easy to check that all these weights satisfy condition (S). 
So the result of Pytlik is a particular case of the result of Fendler, Grochenig and Leinert. 



3.2 

Our aim is to study symmetry for weighted L^-algebras. For the rest of this section we hence 
assume that (G, w) satisfies (LPAlg), in order to be sure that LP{G, uj) is an algebra. The question 
is whether condition (S) will also imply the symmetry of LP{G,uj). We need some preliminary 
result. 

Lemma 3.4. The weight oj satisfies condition (S) if and only if uj(x) — ©(e^'^') for all e > 0, 
where \x\ = inf{n | x G [/"}. 

Proof. Let us assume that ijj{x) < G(e)e'^l^l for some constant G(£), e > 0. Then 



xeU'' ^ \x\ < k 

=> uj{x) < G(e)e"'= 



and 



sup uj{x)'' < C{e)''e^. 
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So 

1 < lim sup ij{x)'^ < e^. 

As this has to be true for all e > 0, limfc_^+oo ^'^Px&u'' — 1 and oj satisfies (S). 

Conversely, let us assume that there exists e > such that uj{x) is not 0(e"l^l). So, for every 
k £ N, there exists Xk & G such that uj{xk) > ke^^^''^ > k. As lj is bounded on each f7", this 
implies that "xfe — >■ oo", which means the following: Let n{k) :— \xk\- Then the sequence {n{k))k 
admits a subsequence {n{r)) such that 

h{r) +00, if r — !■ +oo 

Xr e C/"*'") \ [/"f*-)-! 

uj{xr) > re""(''^ > r 

1 1 1 

sup a;(x)"(-> > a;(a;r)"('-> > r > e^. 

Hence ^ 

lim,.^+oo sup u!{x)'^ > > 1. 

Thus w does not satisfy condition (S). □ 
We may now prove the symmetry result for abclian groups: 

Theorem 3.5. Let G be an abelian group such that {G,uj) satisfies (LPAlg). Let us assume that 
LJ satisfies condition (S). Then LP{G,uj) is a symmetric Banach ^-algebra. 

Proof. According to (' [Kulj ). every character x of LP{G,uj) is of the form 

Xif) = jj{x)a{x)dx = £ [f{xMx)) (o{x)uj-\x))dx, V/ e i^(G,c.), 

where cr is a (possibly unbounded) character of the group G. As fuj e LP{G) is arbitrary, 
\a{x)\uj{x)-^ e L''{G), with i + i = 1, and, as uj{x) < C(e)e^l^l for aU e > 0, 

k(x)|e~^l^l < |(7(x)|C(e)a;(a;)-i G L«(G). 

Let us assume that a is not unitary. Then there exists xq £ G and 6 > such that |cr(a;o)| > l + S. 
By continuity, there is a non-empty open subset of G such that \a'{x)\ > 1 + |; for all a; e V. 
Hence, for x € V^, x = xi ■ X2 ■ ■ ■ Xn with Xj € V for ah j, and |cr(a:)| = 11^=1 — (1 + §)"• 

On the other hand, iiVcU'^ where [/ is a (relatively compact) generating neighbourhood of the 
identity then C C/'^", and so |a;| < kn for x G F". This implies that, for all n (and for all 
e>0), 

+ 00 > I {\a{x)\e-'\''\y dx (3.2) 

> I |cr(x)|«e-^«l="lda; (3.3) 

> (1 + ^)""/ e-^^'="dx (3.4) 



2 

> 



(l + -).e-'=) (3.5) 

But we can choose e so that (l + |) • e^'^''' > 1, then (|3.5I) tends to +oo with n. This is a 

contradiction which shows that cr, and hence x are unitary. So L^{G,uj) is symmetric. □ 

Example: L^(R, e^^) is a symmetric Banach *-algebra (section [l.2.3p . 
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3.3 

Before studying the non-abelian case, let us first recall the generalized Minkowski relation: Let 
X, Y be measure spaces and let F be a measurable function on X x Y. Then, for all p > 1, 



(/ \F{x,y)\dyydx\ < f {f \F{x,y)\Pdxy dy 



^ IX ^JY ' J JY ^ J X 

We need the following relation: 

Lemma 3.6. Let us assume that the weight uj satisfies (LPAlg) and is polynomial in the sense of 
Pytlik, i. e. that it satisfies 

uj{xy) <c(^uj{x) +uj{y)y yx,y € G, 
for some constant C > 0. Then 

11/ * ffllp.c. < bill + \\g\\p^^ ll/lli) , V/,5 e LP{G,u;) C L\G). 

Proof. 

\\f*9\\p,^ = {jj jj{y)9{y-'x)dy\^uj{xYdxy 



< ^( / 1/ fiy)9{y-'x){Loiy)+uiy-'x))dy\Pdxy 

C(/|/ fiy)g{y-'xMy)dy\Pdxy \ I fiy)giy-'xMy-'x)dy\Pc 



< / I / f{y)g{y''xMy)dy\Pdx]^ +CU \ / f(v)Q(y-'x)u(y-'x)dy\Pdx 

' G "J G ■J G "J G 

= I + 11 

by the triangle inequality for || • ||p. Then the generalized Minkowski inequality implies that 



/ < Cn { \f{y)g{y-'x)\u{y)dyYdxy 

" G " G 

C[ f { f \f{xu^^)g{u)\u;{xu-^)duYdxy {y ^ xu'^) 



< 

< c( n \f{xu-'^)Y'\g{u)Y'Lo{xu-'ydx]'' du 

J G ^ G 

= c\\f\\p,^ Ml 



and 



// < C[ { \f{y)g{y-'x)\^{y-'x)dyYdxy 

J G " G 

< C f n \fiy)ng{y-'x)\My-'^rdxydy 



' G 'J G 
CMp^u. Il/lli. 



□ 



We may now use the methods of Pytlik ( |Pyl| , |Py2| ) to show the symmetry of the algebra L^(G, w) 
for polynomial weights. This is done via the following lemmas. 

Lemma 3.7. Let (G,w) satisfy (LPAlg). Then, for any f e Lp{G,uj) C L^(G), ri{f) < rp^^{f), 
where ri{f) denotes the spectral radius of f in L^(G) and rp^i^(f) denotes the spectral radius of f 
inLP{G,uj). 
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Proof. From 

^ \f{x)\uj{x)uj-\x)dx<{ I uj-\x)dxy\\f\\j,,^^C\\f\\p, 



we deduce ^ 

iir"iif <C"iir"iip". , 

where /*" — f * f * ■ ■ ■ * f {n factors). Hence, for n — > +00, 

□ 

Lemma 3.8. Let (G,w) satisfy (LPAlg). Let us assume that lj is polynomial in the sense of 
Pytlik, i. e. that 

uj{xy) < C{u{x) +u{y)), \/x,y £ G. 

Then 

Proof By the methods of Pythk ([Py2]), (1221) gives 

||/*/||p,c.<2C||/||,,. Il/lli 



and, by induction, 
So, 



ir^"iip,.<(2C)«ii/iu ii/iif"'- 



rp,ujif) = Inn 11/ 

71— > + 00 



||2"" 

p.LJ 



< lim i2cr'-"\\f\\i:: ii/iij- 



l/lll- 



Finally, 
and 

We finally get: 



rp,M)< lim Iir"|lr ^nif). 

n— J-+00 



□ 



Theorem 3.9. Let {G,lo) satisfy (LPAlg). Let us assume that lj is polynomial in the sense of 
Pytlik, i. e. that 

uj{xy) < C {u{x) + u{y)) , Va;, y G G. 
Then L^{G,uj) is a symmetric Banach ^-algebra. 

Proof. This follows from Lemma 3.1 of ( jFe-Gro-LeiQ applied to A LP{G,lj) and B := L^{G), 
and from the result of Losert (To J about the symmetry of L^iG). As a matter of fact, these 
results imply that 

^LHG){f) = ^LP(G,^)(/), V/ = /* e L''(G,C.), 
and, as L^{G) is symmetric, 0-^1(0) (/) C K. □ 

Example: We know that for D > Q sufficiently large, ijj{x) = (1 + where \x\ = inf{n | x G 

[/"}, gives rise to an i^-algebra (|1.2.ip . Hence this algebra is symmetric. 

One may conjecture that, more generally, Lp[G,uj) is a symmetric Banach *-algebra, if {G,lu) 
satisfies (LPAlg) and uj satisfies condition (S), or, equivalently, the GRS-condition. But this 
remains an open question. 
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4 Functional calculus 
4.1 

Let (G, oj) satisfy (LPAlg). The aim of the fohowing section is the construction of functional 
calculus for all continuous functions / with compact support such that / = /*, where f*{x) = 
f{x~^), for all X & G. We will follow the method of ( f Hu2) . [Dz-Lu-Mo] ) and use their results. To 
use this method, we have to bound 

k=l 

in LP{G, Lu) and show that there are "enough" functions : M — > R, periodic with period 2tt, with 
ip{0) = 0, such that 

ip{f} ■.^^u{nf)ip{n) 

converges in LP{G, uj). For more details on functional calculus, see among others f|Dij. |Dz-Lu-Mo] V 
Let us first recall that, for all continuous functions g with compact support, \\g\\i < and 
II5II1 < Gllgllp.^ for some positive constant C. Moreover, 

+00 

\Hnf)\\<J2-f^n''\\ft<e-M 

k=l 

in any convenient norm || • ||. So for any continuous function / with compact support such that 
/ ~ /*, the series defining u{nf ) converges in L^{G), L^{G,uj) and LP{G,uj) to the same element, 
i. e. the notation u{nf) represents a function belonging to L^(G,w) n Lp{G,uj) C L^{G). We 
will now deduce a bound for from the bound for ||M(n/)|ji_tj which was established in 

( |Dz-Lu-Mo| ). Let us recall the following notations and facts from f [Dz-Lu-Mo] ): There exists a 
constant C > 1 such that 

uj{x) < e'^l'^l, Vxe G, 

where \x\ — inf{n | x e [/"} for an arbitrary (relatively compact) generating neighbourhood U. 
We denote 

s{n) :— sup uj{x), 

xeU" 

s(0) := 1 

u;i{x) := s{\x\) 

uj2{x) := e'^l"^! 

S2{n) :— sup uj2{x) 
xeU" 

We also consider an arbitrary increasing function r : N ^ N, which will be specified later. It is 
shown in ( |Dz-Lu-Mo] ) that there exist positive constants Gi , G2 such that 

\Hnf)\\i^^ < Gi(l + |n|)(l + \n\r{\n\))^s{\n\r{\n\))e^''(^^(^\ Vn G Z, (4.1) 

where Q denotes the power appearing in the polynomial growth condition of the group G, i. e. 
\U^\ < Krfi , for all n S N*, for some positive constant K. 

From the formal representation u{f) — e'^ — 1 we get the following identity valid also in the 
non-unital case: 

u{nf) = e"'/ - 1 = e'("-i)/ ^ e'^ - I ^ {u{{n - 1)/) + 1) * (w(/) + 1) - 1 = 
= u{{n - 1)/) * uif) + u{{7i - 1)/) + u{f). 



Vne N* 
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By induction it follows that 

ri-l 

u{nf) = nu{f) + u{kf) * u{f). 

k=l 

From (j2.ip . we get an estimate 



\Hnf)\\p,^ < n\\u{f)\\p,^ + J2 \\u{kf)h,Ju{f)\\p,^. 

fe=i 

Using the bound for |lu(fc/)|| i.^^ obtained in f |Dz-Lu-Mo] ') and recalled in (|4.ip . we get 

n-l , 
k=l 

< Kn + Ki{n + + nr{n))^ s{nr{n)) ^ e*^' V =2 , 

fc=i 

for some constants i^T, Ki, as the functions s and r are increasing. (Here 1 + k could be bounded 
by n as well, but we choose n+1 to comply with assumptions of |Dz-Lu-Mo] ). As in f |Dz-Lu-Mop . 
we put r{n) := In(lnn) + 1, for n > e"^. Hence, for k > max(e'^, e*^), 

S2(r(fc))=e^'-W>e^'"(i"'=) = (lnfc)^ 

and 



as the function /(x) = (^in^^)'^ increasing for x > e'~^ . This allows to estimate the sum over k by 

_£2" 

ne('°"'"^' . Moreover, as in ( |Dz-Lu-Moj V for n > e^, 

In(lnn) < r{n) < 21n(lnn) < 2n 
s(nr(n)) < s(n)'-(") < s(n)2Minn)^ 

Finally, noticing that n/ — i—n){—f), wc may compute ||u(n/)||p_(j even for negative n (by 
replacing the constants depending on / by the sup of the corresponding constants for / and —/). 
So, there exist positive constants Ai, A2 (depending on / and u) such that 

||«(«/)||p.^ <^i(l + |n|)2(l + n2)Ts(|n|)2Minhl)g^2(lir^) 

for aU \n\ > max(e^, e^). We thus obtain a similar bound as for ||u(n/)||i_tj, except that the factor 
(1 + |n|) has been replaced by (1 + Of course the constants are slightly different too. They 

depend on / and uj. We may conclude exactly as in ( [Dz^Lu^Mo] ) . 

4.2 

Let us recall the non-abelian Beurling-Domar condition (BDna) given by 

E{ In(lnn)) In is{n)) 
^ / n < +00. 

nGN,n>e'= 

It is independent of the choice of the generating neighbourhood U used to compute s(n). See 
( ,Dz-Lu-Moj ) for more details on that condition. We then have the following result: 
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Theorem 4.1. Let {G,uj) satisfy (LPAlg). Let us assume that moreover the weight co satisfies the 
(BDna) condition. Let f ^ f* be a continuous function with compact support. Then, given a,b,e 
such that 0<a<a + s<b — e<b< 2tt, there exists a function t/i : R — )■ M, continuous, periodic 
of period 2tt such that suppijj D [0, 2n] C [a, 6], ?/> = 1 on [a + e,b — e] and 



Hence this defines a function 

and the properties of functional calculus are satisfied, i. e. 

xmn) = ^(x(/)) 

for every character x of the abelian Banach ^-subalgebra of LP(G,lj) generated by f, 

4V'{/}) = V'W/)), V^eL?^G^) = G, 

if the functions ip and tpip still have the correct properties to allow functional calculus. 

Proof. See ( |Dz-Lu-Moj ) . pages 337 to 345. Here we use again the argument that if a series 
converges in L^{G,ijj) and LP{G,uj), then it also converges in L^{G) and the hmit is the same in 
the three spaces. □ 



4.3 

Examples: a) If G e [PG] and u}{x) = K{1 + \x\)^ for if > 1 and D > large enough, then 
(G, w) satisfies (LPAlg) (|1.2.ip . It is easy to check, that w also verifies (BDna) and so functional 
calculus exists. 

b) Let (G,w) satify (LPAlg) and let us assume that uj{xy) < C{uj{x) + toiy)) for all x, y G G. 
By ( |Py2| ), such a weight is bounded by a weight of the form K{1 + \x\)^ and hence (BDna) is 
verified. Functional calculus exists. 

c) If Ge [PG], then 

uix) := e^\^\\ 0<7<1, 

is such that (G, a;) satisfies (LPAlg) (11.2.31) and the weig ht uj verifies (BDna) f |Dz-Lu-Mo] ). Func- 
tional calculus exists. 

Remarks: a) Condition (BDna) is independent of the choice of the generating neighbourhood U. 

b) Condition (BDna) is only slightly more restrictive than the well known Bcurling-Domar condi- 
tion in the abelian case. 

c) If UJ satisfies (BDna), it also verifies condition (S). 
See ( [Dz-Lu-Moj ) for more details. 

Functional calculus is a very useful tool to prove different harmonic analysis properties, as will be 
shown in the rest of this paper. 



5 Regularity 
5.1 

For abelian Banach algebras, regularity is defined as follows by Silov [Si]: Let A be an abelian 
Banach algebra and let A(^) denote the space of characters of A. Then A is said to be regular 
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if, given any ip G A(^) and any closed set F C A(^) not containing (p, there exists x £ A such 
that x{ip) = (p{x) = 1 and x\f = 0, where x denotes the Gelfand transform of x. 
In the non-abehan case A{A) should be replaced by the space Prim^,A defined as the set of all 
kernels of topologically irreducible ^-representations of A. The set Prim^A is equipped with the 
hull-kernel topology. 

5.2 

As previously, we assume that (G,a;) satisfies (LPAlg). Let Cc{G) denote the set of continuous 
functions with compact support on G. It is obvious that Cc(G) C LP{G,lu) C L^{G), that Cc{G) 

is dense in LP{G,u}) and in L^{G), that for all tt e G = Lp{G,u}), 

lk(/)||op<||/||i<G||/||p,^, V/eLP(G,L.), 

resp. ||7''(/)||op < ll/lli for a^U / G L^{G)- Moreover, we have seen in the previous section 
that functional calculus is possible on the self- adjoint elements of Gc(G), provided the weight w 
satisfies (BDna). This imlies that the arguments of (^ [Dz-Lu-Moj . pages 350 and 351) remain valid. 
In particular, we have the following results: 

Theorem 5.1. Let (G, w) satisfy (LPAlg). Let us assume that the weight uj verifies (BDna). We 
then have: 

(i) The map 

: Prim^L^{G) Prim^LP{G,uj) 
kern i-^ kerK D L^ {G , uj) 

is a homeomorphism. 

(ii) In particular, Prim^,LP{G,u)) , Prim^L^(G,uj) and Prim^L^(G) are homeomorphic. 

(Hi) Given any p £ G and any open neighbourhood N of p in G, resp. any open neighbourhood Ni 
of kerp n LP (G , Lo) in Prim^LP{G,Uj), there exists f € LP{G,uj) such that p{f) 7^ and 7r(/) — 
for all TT G G \ N, resp. for all tt such that ken: D L^(G,a;) S Prim^LP{G,Lo) \ Ni. 

Proof. See ( |Dz-Lu-Mo| ). Part of the argument relies heavily on functional calculus and on the 
^-regularity of groups with polynomial growth. □ 

Point (iii) of the previous theorem, which is often called Domar's property, corresponds to the 
regularity of abelian Banach algebras. 

6 Weak Wiener property 

Let us recall the following definitions: 
Definition 6.1. Let A be a Banach algebra. 

(i) A representation (T,V) of A on a vector space V is said to he algebraically irreducible, if there 
are no non-trivial T -invariant subspaces in V . 

(ii) The algebra A is said to have the weak Wiener property, if every proper closed two-sided ideal 
of A is contained in the kernel of an algebraically irreducible representation. 

Let {G,uj) satisfy (LPAlg) and let {fs)s be an approximate unit of LP{G,uj) with the properties 
discussed in 12.21 

In ( |Dz-Lu-Moj ) it is shown that, provided uj satisfies (BDna), there exists a periodic function p 
of period 27r with p{l) = 1, = in a neighbourhood of 0, such that p{fs} is defined in L^{G,ijj). 
By our section on functional calculus in LP{G,uj), the same p{fs} also converges in LP{G,uj), i. 
e. p{fs} e L^{G,Lu) n LP{G,lli) for all s. Moreover, in (^ |Dz-Lu-Mo) ) it is shown that 

lk{/4*/-/lli.-^o 
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for all continuous functions / with compact support in G. Hence, for any f,g (z Cc{G), f * g & 
Cc{G) C L\G,uj)r]LP{G,uj) and 



IMfs} *f*g-f* gWp^uj < Wfifs} *.f - /lli,c.ll.9llp,;^- 

So 

\\'f{fs}*f*g-f*g\\p,uj^O- (6.1) 

This gives the following result: 

Lemma 6.2. Under the assumptions above, let I be a proper closed two-sided ideal of LP{G,lu). 
Then there exists s such that (p{fs} ^ I- 

Proof. Let us assume that ^{fs} G I, for all s. Then (p{fs} * f*g E I ioi all s and all f,gE Cc{G). 
As / is closed, the relation (|6.1I) shows that f * g E I ior all f,g E Cc{G). But this implies that 
/ = LP{G,uj), by density, which is a contradiction. □ 

We are now able to prove the weak Wiener property: 

Theorem 6.3. Let {G,uj) be (LPAlg). Let us also assume that the weight uj satisfies (BDna). 
Then the algebra LP{G,uj) has the weak Wiener property. 

Proof. The proof is standard, but we repeat it for the sake of completeness. Let / be a proper, 
closed, two-sided ideal of LP{G,u!). Let s and ip be such that (p{fs} ^ I- Let ip be another function 
such that functional calculus ip{fs} is possible and such that ■0 = 1 on the support of ip. Such a 
ip exists by theorem 14. II Then 



V-i/J * M} = {^^){fs} = M}- 

Let us consider the algebra A :— LP{G,uj)/I. We have 

o^^UsIeA 

where the dot denotes the equivalence class in the quotient space LP{G,u!)/I. Hence, by ( |Bo-Du) ) 

V'l/s} — 1 is not invertible in ^ © C, i. e. I E cr^(V'{/s}). So -tplfs} ^ rad(^), where rad(^) 
denotes the radical of A. This implies that there exists an algebraically irreducible representation 

(T, V) of A such that T^tplfs}) ^ 0. We then define the non-trivial algebraically irreducible 
representation (T, oi Lp{G,lu) by T{f) := f(/). By construction, I C kerT. Hence Lp{G,lu) 
is weakly Wiener. □ 



7 Wiener property 

We start with the following definition: 
Definition 7.1. Let A be a Banach ^-algebra. 

(i) A representation (T,V) of A on a Banach space V is said to be topologically irreducible, if 
there are no non-trivial closed T -invariant subspaces in V . In particular, this definition is applied 
to unitary representations (Tjl-L) on Hilbert spaces %. 

(ii) The algebra A is said to have the Wiener property, if every proper closed two-sided ideal in A 
is contained in the kernel of a topologically irreducible unitary representation of A. 

It is well known that every symmetric Banach *-algebra which has the weak Wiener property, also 
has the Wiener property (see [Lelj and |Le2) '). This leads us to the following result: 
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Theorem 7.2. Let {G,lu) satisfy (LPAlg). Then the algebra LP(G,uj) has the Wiener property in 
the following cases: 

a) G is abelian and co satisfies (BDna). 

h) G is non abelian and uj{xy) < G{uj{x) + uj{y)), for all x^y £ G, for some constant C > 0. 

c) G is non abelian andLu{x) = _fir(l + |x|)^ for D large enough, with \x\ — inf{n | x € C/"}, where 

U is an arbitrary, relatively compact, generating neighbourhood of the identity. 

If one could prove that property (S) implies the symmetry of the algebra L^{G,lj) (conjecture), 
then the property (BDna) would imply the Wiener property. 



8 Minimal ideals of a given hull 

As always, we assume that (G,w) satisfies (LPAlg). We also suppose that uj satisfies (BDna). For 

details of the following we refer to f |Dz-Lu-Mo) V We will use the following notations: 

Let us denote by $ the set of functions tp from R to R, periodic of period 2tt, with (^(0) — 0, with 

supptp n [0, 27r] compact contained in ]0, 27r[, which operate on the set of continous, self-adjoint 

functions with compact support in the algebras L^{G,ijj) and LP{G,ijj). The construction of such 

functions is described in more details in ( |Dz-Lu-Mo) ) . See also theorem 14. II 

For any closed ideal / of LP{G, uj), we define the hull of / by 

h{I) {kerTT e Prim,iP(G, w) | / C kerTr}. 

For any compact subset G of Prim,iP(G', u) (endowed with the hull-kernel topology), let us define 

C := {tt e G \ kcTTT £ G} and ||/||c := sup ||7r(/)||op 

Tree 

miC) := Mf} I / = r,/eC7c(G),||/||i<l,^e$,^ = 0onaneighbourhoodof hll/llcll/llc]} 

Let j{G) be the closed two-sided ideal of LP{G,u}) generated by m{G). As in ( |Dz-Lu-Mo) ). one 
may prove: 

Lemma 8.1. The hull of j{G) is C. 

Proof See QDz-Lu-Moj V □ 

Theorem 8.2. Let {G,uj) satisfy (LPAlg). Let the weight lu satisfy (BDna). We also assume that 
the algebra L^(G,uj) is symmetric. LetG be a closed subset of Primt,L^(G,uj) (= Primt,L^{G,uj) = 
Prim^:L^{G)). There exists a closed two-sided ideal j{G) of LP(G,uj) with h{j{G)) = G, which is 
contained in every two-sided closed ideal I with h{L) — G . 

This is in particular the case if G is either abelian and uj satisfies (BDna) or if G is non-abelian 
and UJ satisfies the relationship uj(xy) < G(uj{x) -\-uj{y)') for all x,y d G, for some positive constant 
G. 

Proof See ( [Dz-Lu-Mo\ ). □ 



9 A symmetric algebra having infinite-dimensional irreducible 
representations 

Using C. Read's example of a quasi-nilpotent operator on £i with no nontrivial invariant subspaces, 
one can construct an example of a weighted algebra LP{M.,uj) for any p > 1 which is symmetric 
and has infinite-dimensional topologically irreducible representations. Up to our knowledge, the 
first application of this type is due A. Atzmon ( jAtz] ) . 

Let T : ^1 — >■ ^1 be the operator constructed in jRej . It is quasi-nilpotent, so that 

||T||<1, ||r"||i/"^0, n^oo. (9.1) 
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9.1 Definition of the weights and symmetry 

We will introduce a family of weights on R which will depend on p > 1. For p = 1, we take as a 
weight 

=max{||e"^||, ||e-"^||}. (9.2) 

Obviously, iv is submultiplicative. Thus, L^(R, w) is an algebra. For p > 1, we put uji{x) = 
a;(a;)(l + |x|)^; by sections [l.2.1l and ll.2.21 this is an L^- algebra weight (possibly after multiplication 
by a constant). 

Next we prove the following estimate: 

Lemma 9.1. Let w be defined by (|9.2[) . Then uj{x) — C'(exp(e|a;|)), x — >■ oo, for any e > 0. 

Proof. Let e > be given. It is enough to estimate u){x) for x > 0. By (j9.ip . there is N{e) such 
that ||T"|| < e" for all n > N{e). Separate the series into two parts: uj{x) — fli{x) + il.2{x), where 

n<N(E) 

^ ||T"||x" 



n>N{E) 



For f22, we have: 



^^2(2;) < > — ;— < exp(ea;). 



For r^i: 



n< 

n>N{e) 

^i(-)^ E ^^--"^^^ E ^<^-"(^)exp(e.). 

n<N{e) n<N(E) 

Now, 

uj{x) < exp(ex) (l +£"^(^)) = C(e) exp(ea;), 

what proves the lemma. □ 

Corollary 9.2. The algebra L^{R,lu) and every algebra LP(R,lui) with p > 1 are symmetric. 

Proof. It is easy to see that Li>i{x) — C'(exp(£x)) for any e > as well. By lemma [3^ ut and 
uji satisfy condition (S), so by theorems 13.21 and 13.51 the algebras L^{M.,lu) and LP(M,a;i) are 
symmetric. □ 

9.2 An infinite-dimensional irreducible representation 

Let A stand for L^(K, cj) if p = 1 and for LP{M.,uji) if p > 1. Now we can put 



U{f) = / exp(xr)/(x)dx 

for any f ^ A. First of all, we will show that this integral converges absolutely. We can estimate 

\\U{f)\\ < II exp(ra;)|| \f{x)\dx < J^uj{x)\f{x)\dx. 

If p = 1, this equals ||/||i,w If P > 1, 

u:{x)\f{x)\dx = / c.i(a;)|/(a;)|(l + \x\)-^dx < ||c.i/||,|| (1 + l^r^H, - C,||/||,,^,. 
; "'r 

In both cases, we see that ||C/(/)|| < C||/m, so U is continuous. Clearly J7 is a homomorphism. 
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It remains now to show that U is topologically irreducible. This will follow from the fact that 
closed invariant subspaces of U are invariant under T. 

Suppose that Z c is a nonzero invariant subspace of U. Take z £ Z, z ^ 0. Let Ig be the 
indicator function of [0,e] and let = s~^Ie. Then 

Now, assuming that < £ < 1, we have 

< - / a;^ > — -dx < - x^e^dx < - ex^dx = - ■ — 



Thus, (^/(^e) - I) - |T 0, as £ ^ 0, or T = lim 2£-i {U{^e) - I) • If now Z is an invariant 
subspace for U, then its closure Z is invariant for T, so Z is trivial, and we are done. 

Remarks. It is clear that this example can be extended to M": replace e^'^ by e'^'^^^'^, where r] is 
a nonzero linear form on K". One can show also that u){x) > C exp{x / In x) , and so the algebras 
which we construct are not regular. 
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